, Gompf describes a Stein domain structure on the disk cotangent bundle of any closed surface S, by a Legendrian handlebody diagram. We prove that the boundary of this Stein domain is contactomorphic to the unit cotangent bundle of S equipped with its canonical contact structure. As a corollary, we obtain a surgery diagram for the canonical contact structure on the unit cotangent bundle of S. Moreover, we show that the Weinstein structure on the disk cotangent bundle associated to Gompf's Stein structure is homotopic to the one described by Cieliebak and Eliashberg [1], up to isotopy of the disk cotangent bundle. Furthermore, we determine the homotopy class of the canonical contact structure.
INTRODUCTION
Let S be a closed, connected and smooth surface, which we do not assume to be orientable. In [6] , Gompf showed that the disk cotangent bundle DT * S of S admits the structure of a Stein domain, by explicitly exhibiting DT * S as a Legendrian handlebody diagram. Note that the unit cotangent bundle ∂(DT * S) = ST * S carries the canonical contact structure ξ can = ker(λ can | ST * S ), where λ can is the Liouville one form on DT * S. Here we prove that the boundary of DT * S, equipped with Gompf's Stein structure, is contactomorphic to (ST * S, ξ can ). As a corollary, we obtain a contact surgery diagram for (ST * S, ξ can ), using a technique described by Ding and Geiges [2, Theorem 5] .
On the other hand, DT * S equipped with the canonical symplectic structure ω can = dλ can is an exact symplectic filling of its contact boundary (ST * S, ξ can ). Moreover, this symplectic filling can be upgraded to a Weinstein filling as explained by Cieliebak and Eliashberg in [1, Example 11.12 (2) ]. Here we show that the Weinstein structure on DT * S associated to Gompf's Stein structure is homotopic to the one in [1, Example 11.12 (2) ], up to isotopy of DT * S. We should point out that the existence of a Stein structure on DT * S with the properties above indeed follows from [1, Theorem 13.5 ], but we show that it is the one given by Gompf. The main result of the article can be summarized as follows. DT * Σ g and its boundary is contactomorphic to (ST * Σ g , ξ can ). Moreover, up to isotopy of DT * Σ g , the Weinstein structure on DT * Σ g associated to this Stein structure is homotopic to the one described in [1, Example 11.12 (2) ]. For g = 0, see Remark 4.2.
(b) Suppose that N k is a closed, connected, smooth and nonorientable surface of genus k ≥ 1, i.e., N k = # k RP 2 . Then the Stein handlebody diagram depicted in Figure 2 is diffeomorphic to DT * N k and its boundary is contactomorphic to (ST * N k , ξ can ). Moreover, up to isotopy of DT * N k , the Weinstein structure on DT * N k associated to this Stein structure is homotopic to the one described in [1, Example 11.12 (2) ].
Remark 1.2. The facts that the Stein handlebody diagram depicted in Figure 1 is diffeomorphic to DT * Σ g and the Stein handlebody diagram depicted in Figure 2 is diffeomorphic to DT * N k were already proven by Gompf [6] . We included these facts in Theorem 1.1 to have complete statements.
CANONICAL CONTACT STRUCTURE ON THE UNIT COTANGENT BUNDLE OF A CLOSED SURFACE
Let S be any closed, connected and smooth surface. If x is a point on S and L is a cooriented line tangent to S at x, then the pair (x, L) is called a cooriented contact element of S. The space of cooriented contact elements of S is defined to be the collection of all cooriented contact elements of S. Note that there is a natural projection π, given by π((x, L)) = x, from the space of cooriented contact elements of S onto S. Let ξ (x,L) denote the cooriented plane uniquely defined by the equation π * (ξ (x,L) ) = L ⊂ T x S. The canonical coorientable contact structure ξ can on the space of cooriented contact elements of S is the collection of these planes.
Let T S denote the tangent bundle of S and T * S denote the cotangent bundle. Then any Riemannian metric η on S induces a bundle isomorphism Ψ :
for any x ∈ S. This induces a bundle metric η * on T * S by
The unit cotangent bundle ST * S is defined fiberwise as the collection of all unit length vectors in T * x S with respect to η * x . Similarly, the disk cotangent bundle DT * S is defined fiberwise as the collection of vectors of length less than or equal to one in T * x S. The space of cooriented contact elements of S can be identified with ST * S, by taking a cooriented contact element (x, L) to the unit covector Ψ x (u) = η x (u, −) ∈ T * x S, where u ∈ T x S is positively orthonormal to L with respect to η x . Under this identification, the canonical contact structure ξ can on ST * S is given by the kernel of λ can restricted to ST * S (see, for example, [4, page 32]).
UPGRADING THE DISK COTANGENT BUNDLE TO A WEINSTEIN, AND HENCE STEIN FILLING
Let q 1 , q 2 denote local coordinates on S, and p 1 , p 2 denote dual coordinates for the cotangent fibers. Then we have λ can = Σ p i dq i , and ω can = dλ can = Σ dp i ∧ dq i . It follows that Σ p i ∂p i is a Liouville vector field for the symplectic manifold (DT * S, ω can ) transversely pointing out of ∂(DT * S), which shows that (DT * S, ω can ) is an exact symplectic filling of its contact boundary (ST * S, ξ can ). Now we briefly explain how this exact symplectic filling can be upgraded to a Weinstein filling (cf. [1, Example 11.12 (2)]). Fix any Riemannian metric on S and a Morse function f : S → R. Let X = Σ p i ∂p i + X F , where X F is the Hamiltonian vector field of F = λ can (∇f ). Then, provided that f is small enough, X is Liouville for ω can and gradient-like for the Morse function φ(q 1 , q 2 , p 1 ,
, which implies that (DT * S, ω can , X, φ) is a Weinstein filling of (ST * S, ξ can ). Therefore, according to [1, Theorem 13.5] , DT * S admits a Stein domain structure (J, φ) such that the Weinstein domain associated to (DT * S, J, φ) is homotopic to (DT * S, ω can , X, φ). The main goal of this paper is to show that such a Stein domain structure on DT * S is given by the handlebody diagrams in Proof. Let Σ g denote a closed, connected, smooth and orientable surface of genus g ≥ 1. Let W g be the Stein domain with boundary described by the Legendrian handlebody diagram depicted in Figure 1 . Note that this diagram is obtained by stacking g copies of the well-known Stein handlebody diagram of T 2 × D 2 (see [6, Figure 36 (c)]) vertically and band-summing them as suggested in [6, Figure 37 (a)]. As observed in [6, page 680], W g is diffeomorphic to the disk bundle over Σ g with Euler number 2g − 2, a.k.a. the disk cotangent bundle DT * Σ g . Therefore, ∂W g is the circle bundle over Σ g with Euler number 2g − 2, which is indeed diffeomorphic to the unit cotangent bundle ST * Σ g .
Let ξ g denote the contact structure on ∂W g induced by the Stein handlebody diagram in Figure 1 and let π g denote the aforementioned circle fibration ∂W g → Σ g . The twisting number of a Legendrian knot in (∂W g , ξ g ) which is isotopic to a fiber of π g is defined as the contact framing of the knot measured with respect to the fibration. The twisting number of ξ g is defined as the supremum of twisting numbers of all Legendrian knots in (∂W g , ξ g ) isotopic to regular fibers of π g . As shown by Lisca and Stipsicz [13, Lemma 2.1], ξ g has negative twisting number, which follows by the adjunction inequality for embedded spheres in Stein surfaces [11, Proposition 2.2], and moreover, it is horizontal, i.e., ξ can is isotopic to a contact structure transverse to the circle fibers. The negativity of the twisting number of ξ g also follows from the work of Giroux [5, Proposition 2.4 (c)], which in addition implies that ξ g is universally tight since it is horizontal. As a matter of fact, the twisting number of ξ g is equal to −1 since there is a Legendrian knot L in (∂W g , ξ g ) as depicted in Figure 3 , which is isotopic to a fiber of π g (see [13, pages 289-290] ). On the other hand, ξ can on ST * Σ g is tangent to the fibers of the natural circle fibration ST * Σ g → Σ g , by definition. Nevertheless, it can be made horizontal by an arbitrarily small isotopy [5, Proposition 1.4] and thus ξ can is also universally tight. Moreover, ξ can has twisting number −1, by [5, Lemma 3.6]. Since ST * Σ g is diffeomorphic to ∂W g and there is a unique isomorphism class of universally tight contact structures on ∂W g with twisting number −1 (cf. [5, Theorem 3.1 (c)]), we conclude that (∂W g , ξ g ) is contactomorphic to (ST * Σ g , ξ can ) for any g ≥ 1. This finishes the proof of the first assertion in Theorem 1.1 (a).
In the following, we prove the second assertion. Let J 0 denote the Stein structure on DT * Σ g given by the diagram in Figure 1 . Note that the homotopy class of J 0 as an almost complex structure is determined by its first Chern class, since H 2 (DT * Σ g ; Z) ∼ = Z has no 2-torsion (see, for example, [7, page 437] ). But since the rotation number of the 2-handle is zero, we have c 1 (DT * Σ g , J 0 ) = 0 by [6, Proposition 2.3]. We conclude that J 0 is compatible with ω can , since there is a unique homotopy class of almost complex structures on DT * Σ g compatible with ω can , and the first Chern class of that homotopy class vanishes as well. Now, the second assertion in Theorem 1.1 (a) follows by [1, Theorem 13.8 ].
Remark 4.1. Note that for g = 0, we have ST * (S 2 ) ∼ = RP 3 , and it is well-known [9] that ξ can is the unique tight contact structure on ST * (S 2 ). A Stein structure on DT * (S 2 ), which is diffeomorphic to the disk bundle over the 2-sphere with Euler number −2, can be described by a single Stein handle attachment along a trivial Legendrian knot in the standard contact 3-sphere. The boundary of this Stein domain is indeed contactomorphic to (ST * (S 2 ), ξ can ). The argument given in the last paragraph of the proof of Theorem 1.1 (a) works for g = 0 as well, since the rotation number of the 2-handle is zero.
Remark 4.2. The proof of Theorem 1.1 (a) for g = 1 also follows by the facts that there is a unique Stein fillable contact structure on T 3 up to contactomorphism [3] and
Proof. Suppose that N k is a closed, connected, smooth and nonorientable surface of genus k ≥ 1, i.e., N k = # k RP 2 . Let V k be the Stein domain with boundary described by the Legendrian handlebody diagram depicted in Figure 2 . Note that this diagram is obtained by stacking g copies of the well-known Stein handlebody diagram of RP 2 vertically and band-summing them as suggested in [6, Figure 37 (b) ]. As observed in [6, page 680], one can check via Kirby calculus that V k is diffeomorphic to the disk bundle over N k with Euler number −χ(N k ) = k − 2, which is the disk cotangent bundle DT * N k . We refer to [7, Example 4.6.5] for the definition of the Euler number of a disk bundle over a nonorientable surface. It follows that ∂V k is the circle bundle over N k with Euler number k − 2, which is indeed diffeomorphic to ST * N k .
Let ξ k denote the contact structure on ∂N k induced by the Stein handlebody diagram in Figure 2 . We first observe that ξ k has twisting number is −1, which follows from the fact that there is a Legendrian unknot K in (∂N k , ξ k ) which is isotopic to a fiber of the circle fibration of ∂V k over N k , just as in the orientable case discussed above. Note that there is a double cover Σ k−1 → N k and hence by pulling back the circle fibration and the contact structure we have a contact double cover (M k ,ξ k ) → (∂V k , ξ k ), where M k is the circle bundle over Σ k−1 with Euler number 2k − 2. The twisting number ofξ k is also −1 and thus (M k ,ξ k ) is universally tight just as in the proof of Theorem 1.1 (a). Therefore, we conclude that (∂V k , ξ k ) is universally tight as well, since it has a contact double cover which is universally tight.
On the other hand, (ST * Σ k−1 , ξ can ) is the contact double cover of (ST * N k , ξ can ), which implies in particular that (ST * N k , ξ can ) is universally tight. Moreover, according to [5, Lemma 3.6] , the twisting number of (ST * N k , ξ can ) is −1, just as in the orientable case. Now we simply observe that the contact double cover (ST * Σ k−1 , ξ can ) of (ST * N k , ξ can ) is contactomorphic to the contact double cover (M k ,ξ k ) of (∂V k , ξ k ) by the proof of Theorem 1.1 (a). Moreover, we may assume that this contactomorphism respects the circle fibrations (cf. [5, Section 3 E]) and hence yields a contactomorphism of (ST * Σ k−1 , ξ can ) and (∂V k , ξ k ) after taking the quotients. This finishes the proof of the first assertion in Theorem 1.1 (b).
In the following, we prove the second assertion. Let J 0 denote the Stein structure on DT * N k given by the diagram in Figure 2 , and let J can denote an almost complex structure compatible with ω can . Note that there is a unique homotopy class of ω can -compatible almost complex structures and we claim that J 0 belongs to that class. Recall that almost complex structures on DT * N k correspond bijectively to Spin c structures. We denote by s J the Spin c structure on DT * N k associated to an almost complex structure J (see, for example, [15, Chapter 6] ). Note that there is an injective map
such that for any almost complex structure J on DT * N k , we have ψ(s J ) = t ξ J , where ξ J is the oriented 2-plane field on ST * N k induced by J, and t ξ J is the Spin c structure associated to ξ J . By the first assertion in Theorem 1.1 (b), we have t ξ J 0 = t ξ Jcan , and thus s J 0 = s Jcan , since ψ is injective. This implies that J 0 is homotopic to J can , proving our claim. Therefore, J 0 is compatible with ω can . Now, the second assertion in Theorem 1.1 (b) follows by [1, Theorem 13.8] , just as in the orientable case we discussed above.
SURGERY DIAGRAMS FOR THE CANONICAL CONTACT STRUCTURES
As explained in [2, Theorem 5], each 1-handle in a Stein handlebody diagram can be replaced by a contact (+1)-surgery along a Legendrian unknot, to obtain a surgery diagram of the contact boundary of the Stein handlebody. Therefore, as an immediate corollary to Theorem 1.1, we obtain a surgery diagram for the contact 3-manifold (ST * S, ξ can ) for any closed surface S. In Figure 4 , we depicted the contact surgery diagram for ξ can on ST * (T 2 ) ∼ = T 3 . For any g > 1, a contact surgery diagram for (ST * Σ g , ξ can ) is obtained by stacking g copies of the diagram in Figure 4 vertically and band-summing them as in Figure 1 . For g = 0, see Remark 4.2. In Figure 5 , we depicted the contact surgery diagram for ξ can on ST * (RP 2 ) ∼ = L(4, 1). For any k > 1, a contact surgery diagram for (ST * N k , ξ can ) is obtained by stacking k copies of the diagram in Figure 5 vertically and band-summing them as in Figure 2 . Remark 5.1. It is well-known that the lens space L(4, 1) carries exactly three tight (all Stein fillable) contact structures up to isotopy [9] , as shown in Figure 6 . Note that the contact structure on the right and the one on the left in Figure 6 are both universally tight but the one in the middle is virtually overtwisted. These three contact structures are mutually homotopy inequivalent as oriented 2-plane fields, although two of them-the universally tight ones-are isomorphic to each other. In addition, if we denote the contact structure on the left as ξ, then the one on the right is given by ξ, obtained by reversing the orientation of the contact planes. Since, the contact structures on L(4, 1) are distinguished by their homotopy classes, we conclude that (ST * (RP 2 ), ξ can ) is contactomorphic to (L(4, 1), ξ) (and also to (L(4, 1), ξ)), by calculating their homotopy invariants as in Section 6. To summarize, there is a particularly simple surgery diagram representing (ST * (RP 2 ), ξ can ), without any contact (+1)-surgeries. Note that the diagram on the left (or right) in Figure 6 also describes a Stein filling of its contact boundary (ST * (RP 2 ), ξ can ) ∼ = (L(4, 1), ξ), which, however, is not even homotopy equivalent to the homology 4-ball DT * (RP 2 ).
Remark 5.2. The contact 3-manifold described by the surgery diagram in Figure 5 is contactomorphic to the one given on the left (or right) in Figure 6 . As smooth 3-manifolds the diffeomorphism between them can be given by a sequence of Kirby moves. Namely, after converting the diagram in Figure 5 into a smooth surgery diagram, we just perform a Rolfsen twist along the 0-framed unknot and then blow-down the resulting +1-framed unknot to obtain a −4-framed unknot, which is the usual smooth diagram of L(4, 1). It is plausible that the aforementioned contactomorphism can be shown directly by using the set of moves in contact surgery diagrams introduced by Ding and Geiges [2] .
ON THE HOMOTOPY CLASS OF THE CANONICAL CONTACT STRUCTURE
We briefly recall the classification of homotopy classes of oriented 2-plane fields on a 3manifold. We advise the reader to turn to [6, Section 4] for further details. Let Y be a closed, connected and oriented 3-manifold. An oriented 2-plane field ξ ⊂ T Y naturally induces a Spin c structure t ξ ∈ Spin c (Y ), which only depends on the homotopy class [ξ]. Therefore, there is a surjective map
which takes [ξ] to t ξ , where Ξ(Y ) denotes the space of oriented 2-plane fields. Moreover, if the first Chern class c 1 (ξ) = c 1 (t ξ ) is torsion in H 2 (Y ; Z), then the 2-plane fields inducing the same Spin c structure t ξ can be distinguished by the 3-dimensional invariant d 3 , which is defined as follows. Suppose that X is a compact 4-manifold with ∂X = Y , with X carrying an almost-complex structure J whose complex tangents at the boundary is homotopic to ξ as an oriented 2-plane field. Then, as shown in [6] , the rational number
, not on the almost-complex 4-manifold (X, J), which is indeed a consequence of the Hirzebruch signature formula. Furthermore, Theorem 6.1 ([6] ). Suppose that the oriented 2-plane fields ξ 1 and ξ 2 on a closed, connected and oriented 3-manifold induce the same Spin c structure t and c 1 (t) is torsion.
We use Theorem 6.1 below, to pin down the homotopy class of the canonical contact structure on the unit cotangent bundle of any closed surface S. If ξ is an oriented 2-plane field, we use ξ to denote the same plane field with reversed orientation. To prove Proposition 6.2, we need the following results. Proof. Consider the following long exact sequence for the pair (DT * N k , ST * N k ):
Note that since H 2 (DT * N k ; Z) = 0, the map φ above is injective, and moreover φ takes
where P D stands for Poincaré duality. So, we conclude that c 1 (ξ J ) is trivial if c 1 (DT * N k , J) is trivial; otherwise c 1 (ξ J ) is nontrivial and of order two. In order to determine whether c 1 (DT * N k , J) is trivial or not, we consider the isomorphism given by the mod-2 reduction
which maps c 1 (DT * N k , J) to w 2 (DT * N k ). Note that the second Stiefel-Whitney class w 2 (DT * N k ) is determined by the framing coefficient of the only 2-handle in the smooth handlebody diagram of DT * N k as shown in Figure 7 . Figure 6 .4], except that there are no copies of T 2 , the linking of the 2-handle with each 1-handle is −2 and the framing of the 2-handle is −k − 2, which is obtained by subtracting 2k from the Euler number of the disk cotangent bundle of N k . Since this framing coefficient is −k − 2, we conclude that w 2 (DT * N k ) = 0 k even = 0 k odd. Therefore, for any almost complex structure J, we have c 1 (DT * N k , J) = 0 k even = 0 k odd.
For example, if J 0 denotes the Stein structure on DT * N k given by the diagram in Figure 2 , then one can directly verify that c 1 (DT * N k , J 0 ) is trivial for even k and nontrivial for odd k, by calculating the rotation number of the 2-handle. Lemma 6.4. We have
for any almost complex structure J on DT * N k .
Proof. We first observe that σ(DT * N k ) = 0 since H 2 (DT * N k ; Z) = 0, and χ(DT * N k ) = χ(N k ) = 2 − k. Thus we have
Proof of Proposition 6.2. For any almost complex structure J on DT * N k , let s J denote the associated Spin c structure. Note that there is an injective map
It follows that there are at most two possible choices for t ξ J since
But we know that c 1 (t ξ J ) = c 1 (ξ J ) is torsion by Lemma 6.3 and d 3 (ξ J ) = k 2 − 1 by Lemma 6.4. As a consequence we conclude that, for any fixed integer k ≥ 1, there exist at most two homotopy classes of oriented 2-plane fields on ST * N k , induced from all possible almost complex structures on DT * N k , by Theorem 6.1. In particular, this proves Proposition 6.2 (b). When k is odd, we claim that for any almost complex structure J on DT * N k , s J = s J where s J is the conjugate Spin c structure corresponding to the almost complex structure −J. To prove our claim, we assume that s J = s J . This implies that t ξ J = t ξ J and hence [ξ J ] = [ξ J ], which contradicts to [6, Corollary 4.10] , since c 1 (ξ J ) = 0 for odd k by Lemma 6.3. Our discussion also shows that when k is odd, [ξ can ] = [ξ can ], and for any almost complex structure J on DT * N k , we have either [ξ J ] = [ξ can ] or [ξ J ] = [ξ can ], which proves Proposition 6.2 (a). Remark 6.5. Let J 0 denote the Stein structure on DT * N k specified by the diagram in Figure 2 and let s 0 := s J 0 . We claim that s 0 is the unique Spin c structure associated to any Stein structure on DT * N k which fills (ST * N k , ξ can ). For odd k, this assertion already follows from the fact that [ξ can ] = [ξ can ] as in the proof of Proposition 6.2. When k is even, however, [6, Corollary 4.10] implies that [ξ can ] = [ξ can ] since c 1 (ξ can ) = 0 by Lemma 6.3. Nevertheless, if J is any Stein structure on DT * N k such that s J = s 0 then, by a theorem of Lisca and Matić [10, Theorem 1.2], ξ J is not isotopic to ξ can . Therefore, s 0 is the unique Spin c structure associated to any Stein structure on DT * N k which fills (ST * N k , ξ can ), in this case as well.
6.2. Orientable case. In this section, we determine the homotopy class of ξ can on ST * Σ g , by computing t ξcan and d 3 (ξ can ) for the closed orientable surface Σ g . A Riemannian metric on Σ g defines a splitting of the tangent bundle T (DT * Σ g ) into a direct sum of the vertical bundle T v (DT * Σ g ) and the horizontal bundle T h (DT * Σ g ), which in turn, endows DT * Σ g with an almost complex structure compatible with ω can . It follows that if s 0 is the Spin c structure associated to this almost complex structure, then c 1 (s 0 ) = 0.
On the other hand, if J 0 denotes the Stein structure on DT * Σ g given by the diagram in Figure 1 , then = c 1 (s J 0 ) = c 1 (DT * Σ g , J 0 ) = 0, since the rotation number of the 2-handle is zero. It follows that s 0 = s J 0 since the Spin c structures on DT * Σ g are determined by their c 1 . This is because H 2 (DT * Σ g ; Z) ∼ = Z has no 2-torsion. Now let t 0 denote the Spin c structure on ST * Σ g obtained by restricting s 0 to the boundary ∂(DT * Σ g ). We conclude by Theorem 1.1 (a) that t ξcan = t 0 , for g ≥ 1.
Next, we compute d 3 (ξ can ) using the explicit Stein filling (DT * Σ g , J 0 ) depicted in Figure 1 , for g ≥ 1. Note that c 1 (ξ can ) = 0, since c 1 (DT * Σ g , J 0 ) = 0. Moreover, χ(DT * Σ g ) = 2 − 2g and for any g > 1, we have σ(DT * Σ g ) = 1. Therefore, for g > 1, we compute that
.
This formula does not hold for g = 1, since σ(DT * (T 2 )) = 0 and in this case, d 3 (ξ can ) = 0. For g = 0, using the Stein structure on DT * (S 2 ) described in Remark 4.2, we compute that d 3 (ξ can ) = − 1 4 . Remark 6.6. In the orientable case, for g > 1, we do not have a result analogous to that given in Proposition 6.2 . Note that Spin c (DT * Σ g ) can be canonically identified with the set of integers:
s Remark 6.7. It is conjectured by Wendl [17] that for any closed surface S, any exact (in particular Stein) filling of (ST * S, ξ can ) is Liouville deformation equivalent to (DT * S, ω can ). If this conjecture holds true, then when S is orientable, the diagram in Figure 1 and when S is nonorientable the diagram in Figure 2 describe the unique Stein filling of (ST * S, ξ can ), up to Liouville deformation equivalence. The conjecture is known to be true only for orientable surfaces of genus zero ( [14] and [8] ) and genus one [16] .
